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A self-onsistent perturbative evaluation of ground state energies: appliation to
ohesive energies of spin latties
Mohamad Al Hajj and Jean-Paul Malrieu
Laboratoire de Physique Quantique, IRSAMC/UMR5626, Université Paul Sabatier,
118 route de Narbonne, F-31062 Toulouse Cedex 4, Frane
The work presents a simple formalism whih proposes an estimate of the ground state energy from
a single referene funtion. It is based on a perturbative expansion but leads to non linear oupled
equations. It an be viewed as well as a modied oupled luster formulation. Applied to a series
of spin latties governed by model Hamiltonians the method leads to simple analyti solutions. The
so-alulated ohesive energies are surprisingly aurate. Two examples illustrate its appliability
to loate phase transition.
I. INTRODUCTION
The quantum many-body problem has been perfetly
laried a long time ago for the single-referene ap-
proahes. Its logis is given by the linked luster
theorem,
1,2,3
whih relies on a perturbative expansion
and its diagrammati representation. A panoply of om-
putational methods satisfying the basi size-onsisteny
requirements are available. One of them is the Möller-
Plesset order-by-order perturbative expansion
4
whih
suers from its slow onvergene (and in some ases high-
order divergenes
5
). Other methods lead to non-linear
equations oupling the oeients of the vetors whih
are singly or doubly exited with respet to the single
referene Φ0. Among them one may quote the Cou-
pled Eletron Pair Approximation (CEPA) formalism
6,7,8
whih eliminates unlinked diagrams from a Singles and
Doubles Conguration Interation (SDCI) and intro-
dues part of (in CEPA-2
7,8
) or all (in the SC
2
SDCI
version
9
) of the Exlusion Priniple Violating diagrams.
The Coupled Cluster Method (CCM
10,11,12
) has a better
standard sine it is an elegant and generalizable formal-
ism. This method gives an exponential struture to the
wave operator Ω whih transforms a referene funtion
Φ0 in the exat solution Ψ0, Ψ0 = ΩΦ0, Ω = exp(S). In
pratie S in limited to a ertain set of exitations. The
simplest version, alled CCSD, introdues single and dou-
ble exitations on the top of Φ0 and takes into aount
the onneted eet of the quadruples. It does notes treat
orretly the eet of the Triples, whih has to be inor-
porated perturbatively in the CCSD(T) formalism.
13,14
The present work returns to a low-order semi-
perturbative development from Φ0. It leads to a system
of equations xing the oeients of the singly and dou-
bly exited vetors, whih
- does not require to assume an exponential struture
of the wave-operator,
- introdues the eet of deviations from additivity
of exitation energies (deviations whih is impliitly
supposed to be negligible in CCSD),
- and introdues some high-order eets through
EPV orretions to the exitation energies.
The method is applied to a few innite periodi spin lat-
ties governed by Heisenberg Hamiltonians whih only
onsider interations between nearest neighbors. In these
problems if all bonds are idential, the solutions of our
self-onsistent perturbative (SCP) method lead to sim-
ple polynomial equations. The results, ompared to the
exat solutions, are of surprising quality. The method is
then employed to identify phase transitions in two dier-
ent 2-D problems.
II. FORMALISM
A. Generalities
Let us all Φ0 a suitable single referene supposed to
be a relevant approximation to the ground state of the
system governed by an Hamiltonian H and Φm vetors
orthogonal to Φ0. In the intermediate normalization
Ψ0 = Φ0 +
∑
m
CmΦm, (1)
the exat energy is given by the eigenequation relative to
Φ0, 〈Φ0|H − E|Ψ0〉 = 0
E = H00 +
∑
k
H0kCk, (2)
where Hij = 〈Φi|H |Φj〉. The Hamiltonians is at most bi-
eletroni. One may all h1 and h2 the mono-eletroni
and bi-eletroni parts of the Hamiltonian H = h1 + h2.
One may label m,n... (holes) the mono-eletroni fun-
tion oupied in Φ0 and r, s... (partiles) those whih are
not oupied in Φ0.
In the following we shall refer to an Epstein-Nesbet
15,16,17
zero-order Hamiltonian whih is the diagonal part of
the Hamiltonian in the basis of the N-eletroni vetors
{Φ0, ..Φm..}
H0 =
∑
m
|Φm〉〈Φm|H |Φm〉〈Φm|. (3)
The perturbation operator V
V = H −H0 (4)
2is zero-diagonal in this basis
V =
∑
i
∑
j
′|Φi〉〈Φi|H |Φj〉〈Φj |. (5)
The Hamiltonian being at most bi-eletroni, it appears
from Eq. 2 that the knowledge of the oeient of the
singly and doubly exited vetors whih interat with Φ0
is suient to give the ground state energy. We shall all
rst generation S1 the set of vetors Φi interating with
Φ0,
S1 = {Φi}, 〈Φi|H |Φ0〉 6= 0
and T+i the operators reating the vetors Φi from Φ0,
Φi = T
+
i Φ0.
These operators may be written as
T+i = a
+
r aa(1− δ(〈r|h1|a〉)) (6)
or
T+k = a
+
r a
+
s abaa(1− δ(〈rs|h2|ab〉)) (7)
where δ is the Kroneker symbol. The oeients of
the rst generation vetors an be estimated from the
eigenequations relative to them. For Φi the equation
〈Φi|H − E|Ψ0〉 = 0 an be written using Eq. 2 as(
Hii −H00 −
∑
k
H0kCk
)
Ci +Hi0
+
∑
j∈S1
HijCj +
∑
α6∈S1
HiαCα = 0. (8)
To determine the oeients Ci of the rst generation
vetors, it is suient to have an estimate of the oe-
ient of vetors Φα of the seond generation, i.e., those
whih interat with the vetors of S1. Among the vetors
Φα belonging to the seond generation one may distin-
guish those whih are obtained from Φi by the ations
of operators T+k possible on Φ0 (type 1), and the others
whih are obtained from Φi by operators R
+
m dierent
from the T ′+s (type 2).
If one alls T the sum of the operators T+k and of their
adjoints
T =
∑
k
(T+k + T
+
k
⊥
) (9)
the operators R
R = 1−
∑
l
|Φl〉〈Φl| − T, (10)
is the sum of all the operators hanging one or two mono-
eletroni funtions whih are dierent from T+k opera-
tors. Notie that 〈R+mΦ0|H |Φ0〉 = 0. With the Hamilto-
nians onsidered hereafter the seond generation vetors
Φα are either of type 1 or of type 2, i.e., are generated
either as
Φα = T
+
l T
+
k Φ0 (type 1)
or as
Φα = R
+
mT
+
k Φ0 (type 2)
as pitured in Fig. 1.
Φ0
Φn Φm
Φα
Φk Φi Φl
Φ′α
R+m R
+
n
T+i
T+k
T+kT+i
T+l
T+n
T+m
T+m T+n
Referene
First generation
Seond generation
(type 1) (type 2)
FIG. 1: Illustration of the genealogi generation of Ψ0 from
the referene funtion Φ0
B. Evaluation of the oeients of seond
generation vetors
Regarding the vetors of type 1, the operators T+k are
in general possible on Φi, but some of them are impos-
sible (T+k Φi = 0). Let all EPV (i) (Exlusion Priniple
Violating orretion) the quantity
9
EPV (i) =
∑
k
T
+
k
Φi=0
H0kCk. (11)
Noting that if Φα = T
+
k Φi, and if T
+
k is a double exita-
tion Hiα = H0k. Introduing Eq. 11 the Eq. 8 an be
written
(Hii −H00 − EPV (i))Ci +Hi0+
∑
j∈S1
HijCj
+
∑
k
H0k
T
+
k
Φi 6=0
(
CT+
k
Φi
− CiCk
)
+
∑
m
R
+
mΦi 6∈S1
〈Φi|H |R+mΦi〉CR+mΦi =0. (12)
A rst order evaluation of Ci is of ourse the Epstein-
Nesbet
15,16,17
one
Ci = Hi0/(H00 −Hii). (13)
Introduing EPV orretions in the energy denominator
Ci = Hi0/(H00 −Hii + EPV (i)), (14)
3inorporates an innite summation of diagrams.
18,19
One
may use a seond order perturbation theory to evaluate
the oeients CT+
k
Φi
and CR+mΦi .
The vetor of type 1 T+k Φi = T
+
i Φk = T
+
k T
+
i Φ0 an also
be reahed from Φ0 by other sets of exitations T
+
mT
+
n Φ0
(f Fig. 1). The seond order expansion of the wave
funtion tells us
CT+
k
Φi
=
H0kCi +H0iCk
H00 −Hi+k,i+k
+
∑′
〈m,n〉 (H0mCn +H0nCm)
H00 −Hi+k,i+k , (15)
where Hi+k,i+k = 〈ΦT+
k
Φi
|H |ΦT+
k
Φi
〉 and ∑′〈m,n〉 runs on
the ouples T+mT
+
n Φ0 = T
+
k T
+
i Φ0 but dierent from the
ouple ik. An innite summation of diagrams would lead
to the introdution of an EPV orretion in the energy
denominator
EPV (i+ k) =
∑
l
T
+
l
T
+
k
Φi=0
H0lCl, (16)
and to replae H00 − Hi+k,i+k by H00 − Hi+k,i+k +
EPV (i+ k).
CT+
k
Φi
=
H0kCi +H0iCk +
∑′
〈m,n〉(H0mCn +H0nCm)
H00 −Hi+k,i+k + EPV (i + k) .
(17)
Now taking benet of (Eq. 14) i.e., replaing H0i (and
H0k) by produts Ci(H00−Hii+EPV (i)) in Eq. 17 one
obtains an expression loser to the CC expansion:
CT+
k
Φi
= CiCk
(
H00 −Hii + EPV (i) +H00 −Hkk + EPV (k)
H00 −Hi+k,i+k + EPV (i+ k)
)
+
∑
〈m,n〉
′
CmCn
(
H00 −Hmm + EPV (m) +H00 −Hnn + EPV (n)
H00 −Hi+k,i+k + EPV (i+ k)
)
. (18)
The CC theory writes
CT+
k
Φi
= CiCk +
∑
〈m,n〉
′
CmCn, (19)
whih ignores the possible deviation of the energy de-
nominators from additivity i.e., assumes
H00−Hi+k,i+k = H00−Hii+H00−Hkk. Using the om-
pat notation∆i = −H00+Hii,∆i+k = −H00+Hi+k,i+k,
one obtains
CT+
k
Φi
− CiCk = CiCk
(−∆i + EPV (i)−∆k + EPV (k)
−∆i+k + EPV (i + k) − 1
)
+
∑
〈m,n〉
′
T
+
mT
+
n Φ0=T
+
k
T
+
i
Φ0
CmCn
(−∆m + EPV (m)−∆n + EPV (n)
−∆i+k + EPV (i+ k)
)
. (20)
Notie that if there is only one route to reate Φα = Φi+k
from Φ0 the last sum disappears. If the exitation ener-
gies (eventually inluding EPV ′s) are additive, the full
term vanishes in agreement with the anellation of dis-
onneted diagrams. This will be the ase in the applia-
tions to spin latties with nearest-neighbor interations
when exitations T+i and T
+
k will onern remote bonds.
Regarding the vetors of type2, the operators R+m(6= T+)
whih lead from Φi to R
+
mΦi have to be treated pertur-
batively as follows. Analogously to Eq. 17 one obtains
CR+mΦi =
Hi,R+miCi
−∆R+mi + EPV (R
+
mi)
+
∑
〈n,l〉
′
R
+
nΦl=R
+
mΦi
Hl,R+n lCl
−∆R+mi + EPV (R
+
mi)
. (21)
4C. Final equations and omments
If R+m is a bi-eletroni operator, Hi,R+mi = Hm and
the eigenequation relative to Φi will be
(∆i − EPV (i))Ci +Hi0 +
∑
j∈S1
HijCj
+
∑
k
T
+
k
Φi 6=0
H0kCkCi(
∆i − EPV (i) + ∆k − EPV (k)
∆i+k − EPV (i+ k) − 1) +
∑
〈m,n〉
′
T
+
mT
+
n Φ0=T
+
k
T
+
i
Φ0
H0kCmCn(
∆m − EPV (m) + ∆n − EPV (n)
∆i+k − EPV (i+ k) )
+
∑
m
R
+
mΦ0=0
H2mCi
−∆R+mi + EPV (R+mi)
+
∑
〈n,l〉
′
R
+
nT
+
l
Φ0=R
+
mT
+
i
Φ0
HmHnCl
−∆R+mi + EPV (R+mi)
= 0. (22)
This will be our basi equation. It is somewhat related to
the usual oupled luster equations. The similarity and
dierenes appear learly if ones onsiders the ase of an
SCF Φ0. Then the vetors of the rst generation are all
the Doubles, hene the method should be ompared to a
CCD expansion. The dierenes are the following:
- the eet of the Quadruples in CCD does not take
are of possible deviations from the additivity of
the denominators and the sum over k redues to∑
k
T
+
k
Φi 6=0
CkCi +
∑
〈m,n〉
′
T
+
mT
+
n Φ0=T
+
k
T
+
i
Φ0
CmCn. (23)
We take into aount the deviation from additivity
of energy denominators,
- we take are of the oupling with the Singles and
Triples through the last summation. Hene our
method would be similar to a CCD(S,T).
- and our (semi) perturbative treatment of the Single
and Triples inludes EPV orretions in the energy
denominators. These orretions also appear in the
eet of deviations from additivity of multiple ex-
itation energies. Most of these eets were onsid-
ered in previous works,
20,21
whih were expressed
in an intermediate Hamiltonian formalism, requir-
ing an iterative dressing of small matries. The set
of oupled non linear equations (Eq. 22) is muh
learer.
III. APPLICATIONS TO PERIODIC 1-D AND
2-D SPIN LATTICES
As will be shown in this setion the method is of an
extreme simpliity when applied
- to periodi latties of spins, (and eletrons,
22,23
)
- ruled by model Hamiltonians whih only introdue
short range interations (usually between nearest-
neighbor atoms)
- provided that one starts from a strongly loalized
wave funtion, produt of atomi or bond orbitals.
The usual implementation of the Coupled Cluster
method are governed by a hierarhy of exitations. They
introdue for instane all Single and Double exitations.
Here we adopt a dierent strategy, sine we follow the
genealogy of the generation of Ψ0 from Φ0 under the su-
essive appliations of H . Due to the loalized harater
of Φ0 and the short range nature of the operator inH , the
1st-generation vetors will involve short range exitations
only, and in periodi systems one has a limited number
of types of 1st-generation exitations. Under these ondi-
tions the number of oeients to determine is extremely
redued, and their values are obtained by solving a set
of oupled polynomial equations, whih may be done on
a poket alulator. We shall take a few examples il-
lustrating the method and its performanes, omparing
the so-alulated values to the exat (or highly aurate)
ones. Setion A will illustrate the derivation of the SCP
equations for simple latties, and will ompare the re-
sulting ohesive energies to benhmarks values. Setion
B will employ the SCP method to study two phase tran-
sition phenomena taking plae in 2-D latties.
A. Cohesive energy of simple spin latties
The ruling Hamiltonian will introdue only nearest-
neighbor interations
H =
∑
〈i,j〉
2J(SiSj − 1/4), (24)
5between adjaent atoms. This Hamiltonian puts to zero
the energy of the upper multiplet
1. 1-D hain from Néel
If all bonds are equal, taking Φ0 as the Néel funtion
(spin alternation between adjaent atoms), the zero order
energy per atom is E
(0)
coh = −J . There is only one type
Φ0
↑ ↑ ↑↓ ↓ ↓
i
of vetors in S1, the one obtained from a spin exhange
T+i on a bond i, of oeient C, oupled by J with Φ0
(Hi0 = J) hene
Ecoh = −J(1− C),
Hii −H00 = ∆i = 2J,
EPV (i) = 3CJ, (25)
A simple seond-order estimate of the energy would lead
Φi
↑ ↓ ↓ ↑ ↑ ↓
ihg j k
/ /
to C = −1/2, E(2)coh = −1.5J , muh larger than the ex-
at value Eexactcoh = −2J ln 2 = −1.386J . Inluding the
EPV ′s in the denominator would give
(2J − 3CJ)C + J = 0
3C2 − 2C − 1 = 0
C = −1/3
E
′(2)
coh = −1.333J. (26)
whih is already a better estimate. There is no oupling
between the vetors Φi and Φj ∈ S1. The seond genera-
tion vetors are obtained by two spin exhanges on bonds
i and k. If the bonds i and k are far the doubly exited
vetors T+k T
+
i Φ0 have a oeient Ci+k = CiCk sine
- there is no other ouple of 1st-generation exitation
T+mT
+
n Φ0 = T
+
k T
+
i Φ0,
- the exitation energies are additive.
The only exeptions onern the double exhanges T+h T
+
i
and T+i T
+
k , on seond-neighbor bonds. For them ∆i+k =
2J , EV P (i + k) = 5CJ . Their oeient an be evalu-
↓ ↓ ↓↑ ↑ ↑
/ /
i k
ated aording to (Eq. 18) as
Ci+l = 2C
2
(
2J − 3CJ
2J − 5CJ
)
, (27)
and the nal equation is
(2− 3C)C + 1 + 2C2
(
4− 6C − 2 + 5C
2− 5C
)
= 0
−3C2 + 2C + 1 + 2C2
(
2− C
2− 5C
)
= 0. (28)
Its solution is C = −0.3751 hene Ecoh = −1.3751J ,
whih deviates by 0.8% from the exat value −1.3862J =
2J ln 2.
2. 2-D square lattie from Néel
Here E
(0)
coh = −2J , Ecoh = −2J(1+C), where C is the
oeient relative to a spin exhange on a bond. Here
∆i = Hii −H00 = 6J , EPV (i) = 7CJ . The oeients
of the doubly spin exhanged vetors are CkCi, exept
for
- spin exhanges on the same plaquette. There are
/ /
/ /
/
/
/
/
k
i
m n
sine T+i T
+
k = T
+
mT
+
n
and
∆i+k = 8J
EPV (i+ k) = 12CJ
hene Ci+k = 2C
2
(
12−14C
8−12C
)
two suh double exitations for a bond i.
- spin exhanges on other seond neighbor bonds (the
number of whih is 14 for a given bond i).
/
//
/
/
/
/
/
/
/
i
k
∆i+k = 10J
EPV (i+ k) = 13CJ
Ci+k = C
2
(
12−14C
10−13C
)
The nal equation is
(6−7C)C+1+2C2
(
16− 16C
8− 12C
)
+14C2
(
2− C
10− 13C
)
= 0,
(29)
6the solution of whih is C = −0.16327, Ecoh = −2.3265J
to be ompared with the best Monte Carlo estimate
−2.3386J . The error is 0.51%. Our estimate may be
ompared with lassial CC evaluations
24,25
whih give
−2.2970J with two-body operators
−2.3274J with four-body operators
−2.3340J with six-body operators
−2.3364J with eigth-body operators.
The use of many-body operators makes the algorithm
muh more omplex. Our results is a modied two-body
method, whih provides the same auray as handling
four-body operators. The same auray is obtained for
anisotropi Hamiltonian.
B. Identiation of phase transitions
This setion illustrates the ability of the SCPE method
to loate the ritial values of physial interations at
whih phase transition ours. Two examples will be
onsidered, both onerning 2-D latties. In all ases a
relevant referene funtion Φ0 is seleted for eah phase,
from physial arguments. The SCP equations are estab-
lished, leading to an evaluation of the ohesive energy for
the orresponding phase. The step-by-step derivation of
these equations in not given, and the equations are re-
ported in the Appendix. The intersetion of the ohesive
energy urves as funtions of the strutural parameter
enables to give a reasonable estimate of the ritial value
of the parameters.
1. The anisotropi Heisenberg Hamiltonian for the 2-D
square lattie
The anisotropi Hamiltonian may be written as
H =
∑
〈i,j〉
J
(
λSizS
j
z + S
i
xS
j
x + S
i
yS
j
y
)
. (30)
For a 2-D square lattie and for λ < −1 the ground
state is ferromagneti, all sites bearing parallel spins. For
λ = −1 the ferromagneti state is degenerate with the
pure XY solution, in whih the bonded atoms bear al-
ternatively (α+ β) and (α − β) spins. This distribution
denes a referene funtion Φ0 whih will be relevant for
the −1 ≤ λ ≤ 1 domain. For λ ≥ 1 the wave funtion an
be generated from the Néel funtion Φ′0 in whih adjaent
atoms bear dierent spins. When λ tends to innity the
system beomes Ising (Ψ0 → Φ′0). The phase transition
between the XY supported and the Néel supported phase
takes plae for the isotropi lattie (λ = 1). Besides ana-
lyti series expansions
26,27,28,29
aurate alulations on
this problem have been performed aording to various
tehniques, among whih one may quote
- Quantum Monte Carlo
alulations
30,31,32,33,34,35,36,37,38
TABLE I: Cohesive energy of the anisotropi 2-D lattie.
λ SCP(XY) SCP(Néel) QMC38
0 -0.54672 -0.54882
0.1 -0.55564 -0.55681
0.25 -0.57024 -0.57142
0.33333 -0.57892 -0.57926
0.5 -0.59777 -0.59832
0.6 -0.60965 -0.60958
0.75 -0.62885 -0.63017
0.875 -0.64557 -0.64848
0.9375 -0.64196 -0.65846
0.96875 -0.65264 -0.66396
1 -0.66327 -0.66327 -0.66944
1.02040 -0.67061 -0.67612
1.11111 -0.70330 -0.70722
1.2 -0.73727 -0.73920
1.25 -0.75696 -0.75862
1.5 -0.86046 -0.86100
1.75 -0.96989 -0.96965
2 -1.08314 -1.08220
- Real Spae Renormalization Group with Eetive
Interations
39
- Coupled Cluster expansions
24,25
- Dressed Cluster Method (DCM).
39
The two rst tehniques do not introdue any referene
funtion Φ0. The two last ones imply a hoie of suh
referene funtions either as a zero-order funtion for the
Coupled Cluster Method, or as a bath in whih a nite
luster is embedded in the DCM. Our approah belongs
to the same family. The equations derived from Φ0 =
ΦXY0 or from Φ
′
0 = Φ
Néel
0 are given in the Appendix A.
One may see that they oinide for λ = 1, whih appears
0 0.5 1 1.5 2
-1
-0.8
-0.6
λ
FIG. 2: 2-D square anisotropi spin lattie, evolution of the
ohesive energy as a funtion of the anisotropy parameter λ.
(◦) QMC,38 SCP results: (...) from XY Φ0, (-) from Néel Φ
′
0.
The thik symbols identify the relevant domains from Φ0 and
Φ′0 respetively.
7as the ritial value of the parameter. Fig. 2 gives the
evolution of the ohesive energy E0 and E
′
0 alulated
from both referenes and a omparison with the most
aurate results. One sees
- that the derivatives of the energies in λ = 1 are not
idential(
∂E
∂λ
)−
λ→1
=
(
∂E0
∂λ
)
λ=1
6=
(
∂E′0
∂λ
)
λ=1
=
(
∂E
∂λ
)+
1←λ
,
(31)
whih onrms the 1st-order harater of the phase
transition,
- the agreement of the here-alulated ohesive ener-
gies with the best QMC alulations in good, the
error being lower than 1% in the −1 < λ < ∞
domain.
2. The 1/5-depleted square lattie
The 1/5-depleted square lattie has reeived interest
in the ontext of the study of a real material, namely
the CaV2O4 lattie. Preise studies of that material in-
diated that 2nd-neighbor interations have to be on-
sidered. Nevertheless the physis of the simple lattie,
built of plaquettes and otogons, or of plaquettes on-
neted by bonds (f Fig. 3), appeared interesting by it-
self. There are two types of spin interations, namely in
the plaquette (Jp) and in the bonds between the plaque-
ttes (Jd). Early studies did not give evidene of phase
transitions, but perturbative expansions
40
and Quantum
Monte Carlo alulations
41
indiate the existene of three
phases, namely a gapped plaquette phase for Jp/Jd >
1.05−1.10, a gapped dimer phase for Jp/Jd < 0.65 and a
gapless Néel-type phase in the intermediate regime. We
have reexamined this problem with the SCP equations
starting from three dierent referenes Φ0, namely:
1. a produt of bond Singlets on the inter-plaquette
bonds whih is expeted to be relevant in the
Jp/Jd < 1 regime
2. the Néel funtion, whih should be valid in the Jp ∽
Jd region
3. a produt of bond Singlets on intra-plaquette
bonds, relevant in the Jp > Jd regime.
The orresponding equations are given in Appendix B.
The results appear in Fig. 4 . One should remark that
our SCP equations never diverge, even when applied in
paradoxial regimes, for instane when one enters in the
Jp ≪ Jd regime from inter-plaquette bonds. The ex-
pansion from Néel tends to an erroneous (−2J instead
of −1.5J) value for Jd = 0 (isolated plaquettes). Using
the perturbative evaluation of the oeient of the dou-
bly permuted vetors (Eq. 17 instead of Eq. 18), one
reahes the orret asymptoti value for Jd = 0. One
Jp
Jd
FIG. 3: The 1/5-depleted 2-D square lattie.
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-1.6
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0.35 0.4 0.45 0.5 0.55
-1
-0.9
-0.8
FIG. 4: 1/5-depleted 2-D square lattie. Evolution of the
ohesive energy as a funtion of the Jp/(Jp + Jd) ratio a-
ording to the SCP method. (- -) from inter-plaquette bond
Singlets Φ0, (...) from Néel Φ
′
0, and () from plaquette Sin-
glets Φ′′0 . The thik symbols identify the relevant domains
from the various referene funtions. The arrows indiate the
phase transition ritial values.
must onentrate on the estimates of the ohesive energy
in the relevant domains. As seen from Fig. 4 one noties
the existene of three phases.
- a dimer phase for Jp/Jd < 0.6563
- a Néel-order phase for 0.65 < Jp/Jd < 1.0105
- a plaquette phase for Jp/Jd > 1.0105.
Using Eq. 17 instead of Eq. 18, the ritial ratios remain
almost idential. The method onrms the existene of
these three phases and the alulated ritial values of
the Jp/Jd ratios are in good agreement with previously
mentioned estimates.
8IV. DISCUSSION AND CONCLUSION
The here presented method is based on perturbative
expansion of the wave-funtion but it is not stritly per-
turbative. It is perturbative in the sense that it follows
a genealogi generation of the wave funtion and that
it uses (or refers to) pertubative estimates of the oe-
ients of the seond generation vetors.
But it is not perturbative in the sense that the oeients
of the rst generation vetors are obtained by solving a
set of oupled polynomial equations. It may ompared
to the Coupled Cluster method (and in partiular to a
CCD(S,T) version) from whih it diers by the onsider-
ation of possible deviations from additivity of multiple-
exitation energies and by the introdution of EPV or-
retions in energy denominators.
Although perfetly appliable to ab initio alulations,
the method has been essentially designed for the study of
periodi latties and model Hamiltonians. In suh ases,
starting from strongly loalized zero-order pitures, the
method is analytial, it leads to simple polynomial ex-
pressions, introduing a very limited number of variables
(one per type of bond in most ases), whih an be solved
on a poket alulator. The auray of suh a simple
method is surprising, as illustrated above. It provides an
elegant exploratory tool for the study of spin periodi lat-
ties. The present work has shown that the method may
be employed to identify phase transitions. The method
is of ourse appliable to Hubbard Hamiltonians, whose
exat solutions are not known (exept for the 1-D regu-
lar hain) and to 2-D or 3-D latties. Sine the method
only explores the physis around a given bond (up to six
bonds in eah diretion) it may lead to some stimulating
qualitative disussions to assess what is loal, regional
and properly olletive in the ohesive energy of deloal-
ized systems.
22,23
Further work will study the spin-Peierls
distortions. The present method essentially furnishes an
estimate of the ground state energy. It may also provide
short range orrelation funtions. The loalized har-
ater of Φ0 and the fat that the exitation proesses
playing a role in the low-order proesses only onern a
few bonds prevent to give estimates of the orrelation be-
yond this limit. The related Coupled Cluster formalism
has led to spei methods for the evaluation of spetra,
namely the Equation of Motion Coupled Cluster (EOM-
CC) algorithm.
42
Future works will analyse the possibil-
ity of suh an extension in the frame of our development.
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APPENDIX A
SCP equations for the anisotropi 2-D square lattie (Eq. 30)
1. equation from Néel
(6λJ − 7JC)C + J + 2J
[
2
(
12λJ − 14JC
8λJ − 12JC
)
− 1
]
C2 + 14J
[
12λJ − 14JC
10λJ − 13JC − 1
]
C2 = 0 (A1)
Ecoh = J(C − λ
2
) (A2)
2. equation from XY[
6J − 7J
2
(1 + λ)C
]
C +
J
2
(1 + λ) + 2J
[
2
(
12J − 7J(1 + λ)C
8J − 6J(1 + λ)C
)
− 1
]
C2 (A3)
+14J
[
12J − 7J(1 + λ)C
10J − 13J2 (1 + λ)C
− 1
]
C2 − J
2(1 − λ)2C
2
[
J − J2 (1 + λ)C
] − J2(1− λ)2C
8
[
J − J2 (1 + λ)C
] = 0
Ecoh =
J
2
[(1 + λ)C − 1] (A4)
APPENDIX B
SCP equations for the 1/5-depleted 2-D square lattie with Jp = (1 + δ) and Jd = (1 − δ)
91. equation from inter-plaquette bond Singlets[
4(1− δ)− 5
6
(1 + δ)− 7
√
3
2
(1 + δ)C
]
C +
√
3
2
(1 + δ)− 15(1 + δ)
2C
4(1− δ)− 9
√
3
2 (1 + δ)C
= 0 (B1)
Ecoh =
1
2
[
−3
2
+
δ
2
+
√
3
2
(1 + δ)C
]
(B2)
2. equations from Néel funtion. The oeient C (resp. C′) is relative to the spin exhange in the plaquette
(resp. between the plaquettes)
[4− 3(1 + δ)C − 2(1− δ)C′]C + (1 + δ) + (1 + δ)
[
2
8− 6(1 + δ)C − 4(1− δ)C′
4(1− δ)− 4(1− δ)C′ − 4(1 + δ)C − 1
]
C2 (B3)
4(1− δ)
[
8− 6(1 + δ)C − 4(1− δ)C′
4(1 + δ) + 2(1− δ)− 4(1 + δ)C − 3(1− δ)C′ − 1
]
C2
+2(1 + δ)
[
4 + 4(1 + δ)− 7(1 + δ)C − 3(1− δ)C′
4(1 + δ) + 2(1− δ)− 4(1 + δ)C − 3(1− δ)C′ − 1
]
CC′ = 0
[4(1 + δ)− 4(1 + δ)C − (1− δ)C′]C′ + (1 − δ) (B4)
+4(1 + δ)
[
4 + 4(1 + δ)− 7(1 + δ)C − 3(1− δ)C′
4(1 + δ) + 2(1− δ)− 4(1 + δ)C − 3(1− δ)C′ − 1
]
CC′
4(1 + δ)
[
8(1 + δ)− 8(1 + δ)C − 2(1− δ)C′
6(1 + δ)− 6(1 + δ)C − 2(1− δ)C′ − 1
]
C′2 = 0
Ecoh =
1
2
[
−3
2
− δ
2
+ (1 + δ)C +
1
2
(1 − δ)C′
]
(B5)
3. equations from intra-plaquette bond Singlets. C and C′ onern respetively intra and inter-plaquette diexita-
tions
[
2(1 + δ)− 2
√
3(1− δ)C′ + (1 + δ)C
]
C +
√
3(1 + δ) +
2
√
3(1 − δ)
[√
3
2 (1− δ)C +
√
3(1 + δ)C′
]
−4(1 + δ) + 2√3 [(1− δ)C′ + (1 + δ)C] = 0 (B6)
[
19
6
(1 + δ)− 3
√
3
2
(1 − δ)C′ − 2
√
3(1 + δ)C
]
C′ +
√
3
2
(1− δ) (B7)
+
3(1− δ)2C′ + 2√3(1 + δ)
[√
3
2 (1− δ)C +
√
3(1 + δ)C′
]
−4(1 + δ) + 2√3 [(1 − δ)C′ + (1 + δ)C] = 0
Ecoh =
1
2
[
−3
2
− δ +
√
3
4
[(1 + δ)C + (1− δ)C′]
]
(B8)
1
K. A. Bruekner, Phys. Rev. 100, 36 (1955).
2
N. M. Hugenholtz, Physia. 23, 481 (1957).
10
3
J. Goldstone, Progr, Phys. So. A 239, 267 (1957)
4
C. Möller, and S. Plesset, Phys. Rev. 46, 618 (1934).
5
J. Olsen, O. Christiansen, H. Koh and P. Jorgensen , J.
Chem. Phys. 105, 5082 (1996).
6
H. P. Kelly, and A. M. Sessler Phys. Rev. 132, 2091 (1963),
Phys. Rev. A 134, 1450 (1964).
7
W. Meyer, Int. J. Quant. Chem. Symp. 5, 341 (1971), J.
Chem. Phys. 58, 1017 (1973).
8
R. Alrihs, H. Lishka, V. Staemmler, and W. Kutzelnigg,
J. Chem. Phys. 62, 1225 (1975).
9
J. P. Daudey, J. L. Heully, and J. P. Malrieu, J. Chem.
Phys. 99, 1240 (1993).
10
F. Coester and H. Ku¨mmel, Nul. Phys. 17, 477 (1960).
11
J. C˘iz˘ek, J. Chem. Phys. 45, 4256 (1966).
12
G. D. Purvis, and R. J. Bartlett, J. Chem. Phys. 68, 2114
(1978).
13
K. Ragavahari, G. W. Truks, J. A. Pople, and M. Head-
Gordon, Chem. Phys. Lett. 157, 479 (1985).
14
M. Urban, J. Noga, S. J. Cole and R. J. Bartlett, J. Chem.
Phys. 83, 4041 (1985).
15
P. S. Epstein, Phys. Rev. 28, 695 (1925).
16
R. K. Nesbet, Pro. Roy. So. London A 230, 312 (1955).
17
P. Claverie, S. Diner, and J. P. Malrieu, Int. J. Quant.
Chem. 1, 751 (1967).
18
H. P. Kelly, ,Chem. Phys. 14, 142 (1966).
19
M. B. Lepetit, and J.P. Malrieu, J. Chem. Phys. 87, 5937
(1987).
20
B. Miguel, and J.P. Malrieu, Phys. Rev. B 54, 1652 (1996).
21
B. Miguel, M. Cousy, and J.P. Malrieu, Int. J. Quant.
Chem. 67, 115 (1998).
22
J. P. Malrieu, and V. Robert, J. Chem. Phys. 120, 7374
(2004).
23
V. Robert, and J. P. Malrieu, J. Chem. Phys. 120, 8853
(2004).
24
R. F. Bishop, J. B. Parkinson, and Y. Xian, Phys. Rev. B
43, 13782 (1991).
25
R. F. Bishop, R. G. Hale, and Y. Xian, Phys. Rev. Lett
73, 3157 (1994).
26
Z. Weihong, J. Oitmaa, and C. J. Hamer, Phys. Rev. B
43, 8321 (1991).
27
Z. Weihong, J. Oitmaa, and C. J. Hamer, Phys. Rev. B
52, 10278 (1995).
28
N.S. Witte, L.C.L. Hollenberg, and W.H. Zheng, Phys.
Rev. B 55, 10412 (1997).
29
C. J. Hamer, Z. Weihong, and P. Arndt, Phys. Rev. B 46,
6276 (1992).
30
T. Barnes and E. S. Swanson, Phys. Rev. B 37, 9405
(1988).
31
T. Barnes, K. J. Cappon, E. Dagotto, D. Kothan, and E.
S. Swanson, Phys. Rev. B 40, 8945 (1989).
32
N. Trivedi and D. M. Ceperley, Phys. Rev. B 41, 4552
(1990)
33
K. J. Runge, Phys. Rev. B 45, 12292 (1992).
34
U.-J. Wiese and H.-P. Ying, Z. Phys. B 93, 147 (1994).
35
B. B. Beard and U.-J. Wiese, Phys. Rev. Lett 77, 5130
(1996).
36
A. W. Sandvik, Phys. Rev. B 56, 11678 (1997).
37
A. W. Sandvik and C. J. Hamer, Phys. Rev. B 60, 6588
(1999).
38
H.-Q. Lin, J, S. Flynn, and D. D. Betts, Phys. Rev. B 64,
214411 (2001).
39
M. Al Hajj, N. Guihéry, J. P. Malrieu, and P. Wind, Phys.
Rev. B 70, 094415 (2004).
40
K. Ueda, H. Kontani, M. Sigrist, and P. A. Lee, Phys. Rev.
Lett 76, 1932 (1996).
41
M. Troyer, H. Kontani, and K. Ueda, Phys. Rev. Lett 76,
3822 (1996).
42
J. F. Stanton, and R. J. Bartlett, J. Chem. Phys. 98, 7029
(1993).
